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1 INTRODUCTION 
The field of medical signal processing and imaging is an important research area that behaves 
as an intermediary between engineering and medicine by utilizing theoretical signal 
processing concepts for medical applications. It has evolved from the possibility that signal 
processing and analysis techniques may be used to determine the physical and biological 
properties and functions of biological tissues. In medical imaging, tissues are interrogated 
with a signal source (e.g., ultrasound, x-ray or magnetic field) and signals received are 
processed using many algorithms and analyzed to identify their properties. This growing 
field has opened up many research issues and at the same time produced some of the most 
useful diagnostic and therapeutic technologies in the field of medicine. 
Some of the imaging techniques used in today's medical world for tissue analysis are electro 
cardiogram (ECG), x-ray, ultrasound, electro encephalogram (EEG), computed tomography 
(CT) and magnetic resonance imaging (MRI). All these technologies basically utilize signals 
to extract useful information about the tissues. These signals could be naturally occurring 
biological signals or responses of tissues to applied energy. ECG is an based on the former 
technique while ultrasound is based on the latter technique. In both the cases, there is a need 
to analyze the signals using many signal processing algorithms to interpret signal and tissue 
characteristics. 
The underlying principle in signal analysis is that the response of a tissue to a signal can be 
used to characterize the tissue. The corresponding change in the signal can be used to 
characterize the property of the tissue it is incident upon. The algorithms that are applied vary 
from one technology to another and one application to another. Some of the techniques used 
are time-frequency analysis of signals, wavelet analysis, pattern recognition, image 
processing, artificial neural networks, fractals and spectral analysis. The last technique of 
spectral analysis was the technique used for this research thesis. 
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1.1 Ultrasound in Medical Imaging 
Ultrasound is an important technique used by medical practitioners for "viewing" and 
analyzing an organ or a tissue inside the body. The velocity of ultrasound inside the tissue, 
the attenuation of the ultrasound signals as it travels through the tissue, the frequencies that 
are attenuated by the specific tissue, and the backscatter coefficients of the signal reflected 
from the tissue are a few important parameters for characterizing tissues. 
The most popular ultrasound imaging technique used in clinical applications is B-mode 
imaging. A B-mode image is a two-dimensional image that is obtained along the direction of 
the ultrasound beam by mapping the strength (amplitude) of the ultrasound signal that is 
reflected from the tissue interfaces against the depth of reflection. The amplitude of the 
signal is presented in various shades of gray. Intra Vascular Ultrasound (IVUS) imaging is 
another technique used for imaging the interior of the vessel walls. It is explained in chapter 
2 of this thesis. Such imaging techniques provide the doctors useful information about the 
health of the tissues. 
B-mode images are signal amplitude information along the path of ultrasound beam. The 
received signals are pre-processed before displaying 2D grayscale image. Most commercial 
scanners do not provide access to the raw, or radio-frequency (rf) ultrasound signals. 
However, in research settings, using laboratory setup of ultrasound transducer, motion stages 
and data-acquisition hardware allows one to acquire the rf data from ultrasoud/tissue 
interactions. Analyzing the signals, instead of B-mode images from commercial scanners, in 
time and frequency domains could potentially provide useful information about the tissue 
characteristics. 
Ultrasound acoustic microscopy ts an area that deals with delineating the physical 
characteristics of tissue, providing information of the tissue at microscopic levels [1]. 
Elastography is a field that evaluates elastic properties of tissues by analyzing raw ultrasound 
signals directly. It is an important technique for analyzing heart and vessel wall tissues. 
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1.2 Atherosclerosis 
Atherosclerosis is a condition that results in the thickening and hardening of arteries. It 
involves deposits of fatty substances, cholesterol, cellular products, calcium and other 
substances in the inner lining of an artery. This build-up is called plaque. It usually affects 
large and medium-sized arteries. Controllable risk factors for atherosclerosis include high 
blood cholesterol, obesity, physical inactivity, cigarette smoking and exposure to tobacco 
smoke, high blood pressure and diabetes. 
Atherosclerosis is a slow, complex disease that begins with damage to the innermost layer 
(endothelium) of the artery. Because of the damage to the endothelium, fats, cholesterol, 
platelets, cellular waste products, calcium and other substances are deposited in the artery 
wall. These may stimulate artery wall cells to produce other substances that result in further 
buildup of deposits. These deposits and surrounding material thicken the inner layer of the 
artery significantly. The artery's diameter shrinks and blood flow decreases, reducing the 
oxygen supply to organs. Often a blood clot forms near this plaque which may grow large 
enough to significantly reduce the blood flow through the artery or completely blocks the 
artery, stopping the blood flow. This may result in a heart attack or a stroke depending on 
where the clot is present. 
Figure 1.1 shows the histology image of a cross-section of an artery. The upper area in the 
figure is composed of erythrocytes which are the blood cells. The first layer of the tissue is 
tunica intima, which is the innermost layer of the heart valve. The middle layer is tunica 
media and the outer most layer is tunica adventitia. It can be observed that there are smooth 
muscles and fibers in between the outer layer and the middle layer. Atherosclerosis develops 
in the innermost layer. 
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Figure 1.1. Histology image of cross-section of an arterial wall. 
1.3 Diagnosis of Atherosclerosis 
Different techniques are used to diagnose the presence of atherosclerosis. Some of them are 
described below. 
• Electrocardiogram (ECG or EKG): This gives a graphic record of the 
electrical activity of the heart as it contracts and rests. Abnormal heartbeats and some 
areas of damage, inadequate blood flow - possibly due to atherosclerosis - and 
heart enlargement may be detected on the ECG records. 
• Coronary angiography (or arteriography): This test is used to explore the 
coronary arteries. The patient is injected with a dye (for x-ray contrast) via a fine 
tube, or catheter, that is put into a large artery (femoral) of leg and passed through the 
aorta into the arteries of the heart. The heart and blood vessels are then radiographed 
while the heart pumps. The picture that is seen, called an angiogram or arteriogram, 
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shows blockage caused by atherosclerosis, as well as other problems. This is the most 
accurate way to assess the presence and severity of coronary disease. 
• CT scan: A computerized tomography scan, or CT scan, sends x-rays through 
the patient's body at various angles, and these rays are read by a scanner. These are 
later compiled and analyzed by a computer to display cross-sectional images and to 
detect the presence of atherosclerosis. 
• Ultrasound: Ultrasound signals are sent into the patient's body. The signals 
that are reflected from inside the body are analyzed and converted into images to 
provide visual details of the structures such as vessel wall. In this thesis, ultrasound 
signal analysis was used to detect the presence of atherosclerosis. All the experiments 
were performed in the ultrasound research lab. 
1.4 Ultrasound on the Diagnosis of Atherosclerosis 
Some of the different forms of ultrasound technologies that are used in atherosclerosis 
diagnosis are mentioned below and further described in chapter 2. 
Ultrasound B-mode imaging: This is used to provide cross-sectional and longitudinal 
views of the large vessels such as carotid arteries. The vessel wall thickening and lumen 
narrowing can be seen on B-mode images. Sometimes atherosclerosis deposits in the 
vessel wall show different contrast and texture than surrounding tissues. 
Radio frequency classification: This technique involves analyzing raw ultrasound (e.g., 
backscattered) signals for the diagnosis of atherosclerosis. 
Intra vascular ultrasound (IVUS) imaging: This technique is used to display a cross-
sectional image of the blood vessel from inside the vessel. This technology is very useful 
in providing accurate information about atherosclerotic deposits from inside. 
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Elastography: This novel technique estimates the Young's modulus of the tissue (stress 
per unit strain) using ultrasound to detect the difference in stiffness (or elasticity) of the 
atherosclerotic tissue from the non atherosclerotic tissue. 
3D Ultrasound: This technique provides volume (3D) imaging by stacking multiple 2D 
images or by using a true 3D pyramidal beam of 2D-array transducer. The 3D view of 
vessel could potentially be very useful for determining presence and 3D extent of 
atherosclerotic plaque. 
1.5 Motivation and Approach 
The focus of this thesis has been to classify different degrees of atherosclerosis on vessel 
wall tissues using very high frequency (50 MHz) focused transducers. This study was 
accompanied by difficulties specific to tissue thickness such as tissue mounting, handling, 
noise disturbances and data acquisition. High frequency and focused transducer provides 
good axial and lateral resolutions respectively. However, there are also challenges such as 
high attenuation and sharply varying beam profile. The purpose of this research is to develop 
a usable data acquisition method that would overcome the experimental hurdles posed by the 
tin tissue specimens and the nature of the high attenuation, narrow beam of the transducer. 
Tissue characterization was performed using attenuation, velocity and integrated backscatter 
measurements of ultrasound as the parameters of classification. Rabbit and monkey aorta 
tissues with varying intensities of atherosclerosis have been analyzed and a relationship 
between the severity of atherosclerosis and the ultrasound parameters (velocity, attenuation 
and integrated backscatter coefficient) were studied. 
1.6 Organization of this Thesis 
This thesis is further organized as follows: 
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Chapter 2 presents a literature review of the different ultrasonic techniques employed in the 
diagnosis of atherosclerosis. Also analyzed are the techniques used to determine the velocity 
of ultrasound, the attenuation index and the backscatter coefficient in tissues. The reasons for 
choosing the techniques used for this work are further discussed in this section. 
Chapter 3 describes the tissue specimens used for the experimentation, the experimental set-
up and the methods employed in this research for tissue characterization. Data acquisition 
procedures to obtain the velocity, attenuation and backscatter coefficient of ultrasound in 
tissues have been discussed. 
The observations and results of the experiments conducted are presented in Chapter 4 and 
conclusions are summarized in chapter 5. 
Selected derivation of spectral analysis is presented in Appendix. 
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2 LITERATURE REVIEW 
2.1 Ultrasound for Atherosclerosis Evaluation 
A number of different techniques are used in the field of medical science for detecting 
atherosclerosis, using ultrasound. They can be classified as either non-invasive or invasive. 
Some of the analysis techniques use images and their pixel values and image texture to 
estimate the presence and degrees of atherosclerosis. Others analyze raw, unprocessed 
ultrasound signals that are obtained from tissue backscatter. Some of them are described in 
this section. 
2.1.1 Detection using ultrasound B-mode images 
In this technique, the varying shades of gray present in an ultrasound image are utilized to 
obtain clues about the presence of atherosclerosis, making image processing a vital part of 
the detection procedure. Wilhjelm [2] describes a method for analyzing B-mode images 
visually to detect atherosclerotic plaque and classifying them. Rakebrandt [3] uses local B-
scan textural characteristics to predict tissue type by visually correlating plaque morphology 
maps. Figure 2.1 shows a B-mode ultrasound image (from a sector-scan probe) of the 
lengthwise view of carotid artery with a layer of cholesterol deposit present on the inner wall 
of the artery. 
By using B-mode images three plaque types, namely fibrous, calcific and lipid, were 
discriminated in-vitro [ 4] and three tissue categories, namely soft, mixed and calcified, were 
classified in-vivo [6]. Only crude discrimination has been possible due to subjective visual 
errors committed by observers and the relatively poor quality of images. Moreover, a B-
mode image does not provide direct estimate of ultrasound properties of tissues. Attempts to 
design a more quantitative approach to plaque characterization from video densitometric data 
have not shown much success in our ability to discriminate between basic plaque types such 
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as lipid rich, fibromuscular, calcified [5] and soft, mixed, calcified [6] because of the poor 
quality of images. 
Figure 2.1. B-mode image of carotid artery. 
2.1.2 Intra vascular ultrasound (IVUS) imaging 
Balloon angioplasty is a popular technique for treating blocked arteries. In balloon 
angioplasty a deflated balloon catheter is placed across the narrowed segment of the artery 
and then the balloon is inflated to a high pressure. This results in the application of 
circumferential pressure causing stretching of the plaque thereby opening the narrowed 
artery. However, imaging studies have confirmed that 'tearing' tends to occur at margins of 
plaque during balloon angioplasty. This is because the normal, compliant vessel wall 
stretches away from the non-compliant plaque deposits. This creates a dissection plane along 
the media layer of the artery wall or within the plaque substance adjacent to the media. 
However, this problem can be resolved using intra vascular ultrasound (IVUS) technique 
before performing an angioplasty. Born [7], in his book "Intravascular Ultrasound" has 
explained how intravascular ultrasound has helped clarify the mechanisms of tearing with 
balloon angioplasty. A typical intravascular ultrasound imaging system (e.g., by Du-MED, 
Rotterdam, The Netherlands) uses a 30 MHz single-element transducer, which is mounted on 
the tip of a catheter. The transducer on the system is rotated using a drive shaft rotating at 
1000 rpm. The system acquires ultrasound backscattered signals from each angular position 
of the transducer and shows a cross-sectional image of vessel wall after pre-processing and 
10 
scan conversion. Cross sectional images are scanned at a rate of 16 frames per second. The 
system has a bandwidth of 20 - 40 MHz, an axial resolution of 0.75 mm and a lateral 
resolution better than 2.25 mm at a depth of 2-4 mm. 
Intravascular ultrasound helps in three ways: 
• It can measure the velocity of blood flow within a coronary artery [8]. This is 
useful for determining if a blockage is severe enough to deprive the heart muscle of 
the additional blood flow it needs when the heart has to work hard. 
• It demonstrates the severity of the blockage and also the composition of the 
underlying atherosclerotic plaque [9, 10, 11]. This information can be invaluable in 
determining which of the many types of angioplasty procedures would be best to treat 
the blockage. 
• It assists the physician in assessing the results of angioplasty procedures [ 12] and 
determine if more work needs to be done before the catheters are removed. 
The current research issues in IVUS include finding exact location of the block, early 
detection of plaque, identification of the type of plaque and RF signal analysis of IVUS raw 
data. 
RF signal analysis of IVUS is an important research topic. In this method, ultrasound signals 
sent by the IVUS transducer and reflected or scattered by the inner walls of the blood vessels 
are analyzed. This research thesis focuses on the RF signal analysis for blood vessel walls of 
animals and aims to contribute to the larger research goal of RF analysis of IVUS to evaluate 
atherosclerosis. 
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2.1.3 Elastography 
The elastic properties of soft biological tissues depend on the state (healthy or pathological) 
of the tissue. Their determination is of fundamental interest in the characterization of 
atherosclerosis. This is performed with a specific ultrasound imaging technique called 
elastography in which an image of the Young's modulus of the analyzed tissue is established. 
This technique is based on the basic principle of evaluating the strain of the tissue under an 
applied axial stress. The strain is computed from the modifications within the ultrasound 
signals due to physical compression of the tissues. A one-dimensional cross-correlation may 
be performed on sequentially acquired RF lines [13]. Alternatively, a two-dimensional cross-
correlation is done by cross-correlating IVUS images acquired at different intra-arterial 
pressures. The elastogram shows the strain color-coded from low strained regions to the high 
strained regions. C.L de Korte [14, 15] showed that in an elastogram, an eccentric plaque is 
represented by high strain values whereas the less intense plaque regions are represented by 
lighter strains. 
2.1.4 3D ultrasound 
In cardiovascular imaging, three-dimensional reconstruction has been attempted using well 
established techniques such as computed tomography (CT) and magnetic resonance imaging 
(MRI). Three-dimensional reconstruction techniques have also been applied to ultrasound 
images to conceptualize and establish the spatial relations of complex structures such as heart 
artery walls and assess lumen and wall changes. 
A 3-D ultrasound image reconstruction for IVUS consists of the following steps [7]. 
• Image acquisition for intravascular ultrasound is performed using a catheter 
mounted probe. The cross-sectional images are acquired at different depths by 
using a "pull-back" sequence. This gives the depth information inside the 
artery walls. 
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• Digital conversion and segmentation is applied to each image. 
• Three-dimensional reconstruction using different algorithms such as wire-mesh, 
binary image or full grey scale reconstruction algorithms. Voxel modeling 
allows the reconstruction of images using categorical cut-off threshold of binary 
images or maintaining the grey scale of the original ultrasonic cross sections. 
• Display of the three-dimensional reconstructed structure in different 2D 
projections is done to show the longitudinal, transverse or oblique views. 
• Quantitative analysis of the image involves analyzing the 3D structure to detect 
the presence oflumen (automatic detection) and plaque (manual detection). 
2.1.5 Radio frequency classification in vitro 
In these techniques, the 'raw' ultrasound data are used to characterize ultrasound properties 
such as backscatter and attenuation. The ultrasound data are acquired using data acquisition 
system that consists of an ultrasound transducer that is moved across the specimen in steps 
by a stepper motor, which is in tum controlled by a computer. The backscattered signals from 
the tissues are sampled, digitized, and stored. These signals are analyzed to characterize 
atherosclerosis. Spencer et al. [ 4] used spectral analysis of these signals collected from 
intravascular ultrasound, to characterize atherosclerotic plaque. Bridal et al. [ 16] also used 
RF data analysis for differentiation of atherosclerotic artery constituents in-vitro and 
compared ultrasound results with MRI. We used laboratory ultrasound experimental setup to 
study atherosclerotic vessel specimens in-vitro using RF signal acquisition and analysis. 
2.2 Review of Ultrasound Measurement Techniques 
For the analysis of raw RF signals from tissues, a number of ultrasound measurement 
techniques are used. In many cases ultrasound velocity, attenuation and backscatter 
measurements have been found useful to qualitatively characterize tissues. These 
measurements from raw backscatter are more accurate than processed B-mode images. Each 
technique is discussed further in this section. 
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2.2.1 Velocity measurement 
An important characteristic of ultrasound is that it travels with different velocities in different 
media. The velocity of ultrasound is dependent primarily on the density of the medium. In 
non-destructive testing of a material using ultrasound, the velocity with which the ultrasound 
signal travels through it can be an important parameter to analyze the characteristics of the 
material. In medical applications, especially in acoustic microscopy, ultrasound velocity is 
used as a parameter to characterize the biological sample such as a bone [17] or soft tissue. 
As an example, Table 2.1 below presents the different ultrasound velocities in different 
biological specimens, Anderson [ 18]. 
Table 2.1. Velocities of ultrasound in different media. 
Medium Velocity (mis) 
Phantom 1547 
Water 1488 
Muscle 1600 
Fat 1437 
Soft-tissues (average) 1540 
Bone (skull) 4080 
Determining the velocity at which an ultrasound signal propagates through a tissue requires 
knowledge of the thickness of the tissue [19]. This requires the thickness at every scanning 
point to be clearly known. However, in the case of soft tissue such as human artery, which is 
very thin in nature, the precise measurement of its thickness becomes very difficult because 
of extremely small thickness. Due to this reason, a small error in tissue thickness at any 
scanning point on the tissue would result in drastic variations in the final result and make this 
technique unusable. Thus it becomes imperative to identify first, a measurement technique 
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that precisely measures the thickness of the tissue at every scanning point in order to evaluate 
the velocity. 
In this research, a number of tissue mounting techniques were studied for velocity estimation 
and thickness estimation of tissues. Initial experiments were conducted with specimens such 
as glass plates, sponges and tissue super-flab (oil-based gel material) to decide on a proper 
mounting technique. The use of a 50MHz highly focused transducer made the set-up even 
more difficult because of its tightly focused beam. A small shift in the position of the 
specimen altered the beam focus drastically. All the set-ups that were successful with trial 
specimens like the super-flab and sponge were found unsuccessful with initial tissue 
specimens. This was because the tissue thickness was in the order of 1-2 millimeters. A 
minute error in thickness in each of the experiments affected results drastically. Finally, after 
evaluating many mounting attempts unsuccessfully, it was decided to follow Hsu's technique 
[20]. In this technique, the thickness of a material and the velocity of ultrasound signal inside 
it are simultaneously evaluated from the same backscattered signal, thereby obviating the 
need for separate experiments for thickness measurement and velocity measurement. A 
single measurement was sufficient to estimate the thickness of the tissue at each scanning 
point and the velocity of ultrasound at that point. In this method, the thickness of the tissue is 
evaluated from the time difference in the arrival of reflected signals from the top and the 
bottom of the tissue and similar measurements with water only. The calculated thickness is 
used to obtain the velocity value. 
To initially validate the data acquisition process, an experiment was performed to estimate 
the velocity of ultrasound when it passed through a glass plate. A formula to calculate the 
velocity was derived and the estimated value was compared with a reference value of 
ultrasound in glass to validate the technique. The derivation is described next. 
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Derivation for obtaining velocity: An experimental set-up was made as shown in the Figure 
2.2. The ultrasound was passed through water only (left) and through water and specimen of 
a known thickness (right) . In the first case only one reflection was obtained, that from the top 
of the flat plate reflector with arrival time of t 1 (no-specimen). The attenuation in the steel 
plate was sufficiently high to prevent the signals from traveling further into the plate. In the 
second case the ultrasound reflections were obtained from the top of the specimen (t2) , the 
bottom of the specimen (t3), the top of the flat plate reflector (t4). 
d2 
di 
x 
d support support 
Flat Plate Reflector Flat Plate Reflector 
Figure 2.2. Calibration technique for velocity measurement. 
Let the distance of the transducer from the steel plate be d and travelling time within the 
specimen be tx. 
From the Figure 2.2 it is evident that t2 + tx = tJ or tx = t3 -t2 • 
If the velocity of ultrasound within the sample is Vspecimen, then considering the round-trip 
travel of ultrasound beam 
i.e. , 
thickness of specimen = 2 x V specimen x (, . 
x = 2 x v specimen (t3 - t2). ( Equation 2.1) 
If Vwis the velocity of ultrasound in water, then the height ' d' of the peg can also be given by 
x=2xVw(t4 -t3 ). 
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Now, considering the round-trip propagation distances for the ultrasound, it is quite clear that 
d1 =d2 +d+x. 
~ From Equation 2.1 
2 X Vw X t I = (2 X Vw X t 2 ) + (2 X Vw X (t 4 - t 3 )) + (2 X Vsample X (t 3 - t 2 )) • 
=> Thus, the velocity of ultrasound in the sample may be calculated with 
(Equation 2.2) 
Thus, using this formula, velocity of ultrasound in the sample may be calculated from the 
different times of reflection alone. The thickness of the material need not be specified. 
2.2.2 Attenuation measurement 
Ultrasound attenuation in biological tissue is widely accepted as a useful index for tissue 
characterization. The ultrasound attenuation coefficient a [dB/mm] is generally described by 
the equation a( f) = m Jn where f is the frequency and m and n are constants. The value of 
n is about 1 for frequencies below 10 MHz and for higher frequencies, n lies between 1.2 and 
1.5 [21]. 
Different techniques are used to measure the attenuation of an ultrasound signal in tissues. 
They are log-spectral difference method, substitution method and axial beam translation. 
These are briefly described below. 
Log-spectral difference method: In this method, the difference between the spectra at two 
different depths of the backscatter from the tissue is ascertained. A line of least mean -
squared error is fit on the difference curve and the slope of the line determines the attenuation 
coefficient of the tissue. D'Hooge [22] has successfully measured ultrasound attenuation in 
liver in-vivo using this technique. 
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This is a relatively simple technique that utilizes significant backscatter at two different 
depths. The success of this method lies in obtaining significantly different amplitude levels of 
backscatter at different depths of thick tissue specimens. This method was tried initially for 
vessel specimens, but the specimens were very thin and thus the amount of backscatter was 
quite less. Most of the backscatter had the same amplitude and thus a significant change 
could not be found at two different depths. Also, this method is not suitable for near field 
measurements of focused transducers. Thus the method was found unsuitable for this work. 
Substitution method: In this method, the power spectrum of the flat plate is measured with 
and without the tissue between the transducer and the reference plate. The insertion loss is 
then normalized by the thickness of the tissue to give the attenuation value of the tissue. Dent 
et al. [23] succeeded in characterizing myocardial edema from four heart samples using this 
technique. 
This technique was followed initially with a super-flab specimen and later, with rabbit 
tissues. It was found to be very dependent on tissue thickness. A thicker specimen like the 
super-flab was able to yield significant change in the power spectra. For thin tissues such as 
rabbit aorta wall, this method was not found to be successful. Great care had to be taken for 
tissue alignment. Because of the highly focused transducer, a little change in the tissue 
thickness or the alignment of the tissue was able to shift the focus drastically and yield 
drastically different answers. Also, this method did not compensate for beam diffraction 
within the tissue. Compensation for beam diffraction was considered very critical when the 
beam was tightly focused and experiments were performed in the near-field of the beam 
profile. All these factors made the substitution method unsuitable for our work. 
Axial beam translation: This method involves minimizing or eliminating the diffraction 
effect by acquiring spectral data using a range gate that is sequentially translated through 
various depths in the target material, but is maintained at a constant range from the 
transducer aperture. This avoids the use of correlation spectra, but necessitates axial 
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translation of the aperture. With ABT the power spectra of the echo are always computed at a 
fixed distance from the transducer, at the focal point. This method assumes constant beam 
diffraction, tissue scattering and phase aberrations affecting the tissue spectra at different 
tissue depths, thus minimizing diffraction effects. Therefore, the dominant difference among 
the power spectra at various depths is due to attenuation, and in principle no corrections are 
needed to obtain unbiased estimates. Other effects are cancelled when a ratio of the power 
spectra is taken at different depths. Actually, the technique of axial beam translation was 
preferred to the substitution method by Ophir and Mehta [24], for performing wideband 
attenuation measurements on a tissue-mimicking phantom. This method was chosen for the 
experiments here. The mathematical derivation of obtaining attenuation value using this 
technique is described next. 
In general, the acoustic attenuation for ultrasound in soft tissue can be described by 
where A(f,z) =modulus of transfer function 
Ao= reference amplitude 
a(f) = frequency-dependent attenuation coefficient 
f = frequency 
z = total distance covered in the tissue 
The amplitude spectrum Ei(f) of the signal may be described as 
Nk 
Ed[) = f./ (f)A(f, z;)T; (f)e 27rfr{ 
i=I 
Where I(f) = amplitude spectrum of the incoming ultrasonic pulse 
A(f,z; ) = acoustic amplitude after propagating distance z; in the tissue 
(Equation 2.3) 
T; (f) = transfer function of the i-th reflector at depth z/2 (z; = c T; where c is the velocity of 
ultrasound in tissue) 
T = time delay 
e 21!J.fr; = delay factor 
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i = index of the reflector 
k = index of the signal at different lateral positions 
N = number of reflectors. 
It is assumed that all reflectors present in the same sampling volume may be described by an 
identical transfer function, Ti. When a relatively short duration time window is placed over 
the signal at time 't = l!'!.t (l = index and l'!.t sampling interval), the gated signal can be 
described in the frequency domain by 
N' 
Ek(f, lLJt) = II(f)A(f,z;)I';(f)e 2trfr{ .H(f,z1) (Equation 2.4) 
i=l 
where H(f,z 1) =spectrum of the hamming window. 
If l!'!.tc is substituted by z1 (where z 1 = l!'!.tc) and the assumption made that Ti if) = T(f) 
because of the homogeneity of the tissue then, 
In the above equation, the convolution with H(f,z1) was omitted because it represents only 
the "smoothing" of Ek (f, lLJt) in the frequency domain. 
When the depth range which corresponds to the width of the hamming window is small 
compared to the rate of change of A(f,z), the previous equation can be approximated by 
N' 
Ek([, z1) =l(f)T(f)A(f,z1)f e 2efr{ (Equation 2.5) 
i=l 
If the power spectrum of Ek (f, z) is calculated, it results in 
This equation can be written as 
Nk 
Sk(f,z1) =I J(/)1 1 I T(/)1 1 I A(f, zJl1 2 Icos(2;if(r;~ -<)). 
i1 =l;i20".i1 
Taking an average of N signals at the same depth z1, 
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N ~ 
1/N LS(f,z1) = \S(f,z1 ) = 2IJ(f)12 1T(f)121 A(f,z1) l2(N1k +( Icos(2ef(i-;~ -<)) )) 
k=I i1 =l;i2 (i1 
(Equation 2.6) 
If the logarithm of the above equation is taken, then the ratio of the power spectra from 
different depths z1 and z2 becomes 
If a is the attenuation of the tissue, then inserting Equation 2.3 in above 
10log1o(S(f,z1)-10log10(S(f,z2 ) =-a If I z1 +a If I z2 • 
That is, 
(Equation 2. 7) 
This is the formula to obtain attenuation from the spectra at two different depths z1 and z2 
within the same specimen. When z1, z2 and fare known, a can be calculated by fitting a 
straight line through the plot of difference power spectra against frequency f 
2.2.3 Integrated Backscatter Measurement 
The backscattering coefficient of a medium is defined as power scattered in the backward 
direction by a unit volume of scatterers within the medium. It is used to evaluate the 
scattering strength of the medium. Bridal [25] used backscatter estimation as a means to 
differentiate atherosclerotic artery constituents. A similar technique was followed in this 
thesis to estimate integrated backscattering coefficient and this value was used as a 
classification parameter for different atherosclerotic rabbit tissues. 
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For the measurement of backscatter coefficient, the backscattered signal must be 
compensated for the attenuation of intervening material and for the frequency dependence of 
the effective volume scatterers [22]. This is done by normalizing the power spectrum of 
pulse-echo signals, gated to be at the desired depth in the sample by the power spectrum of a 
perfect plane reflector (i.e., a polished steel plate) placed exactly at the position 
corresponding to half of the sampled depth in the tissues. By integrating the slopes of the 
normalized spectra over the bandwidth, the integrated backscatter is obtained. 
The derivation of the beam spectrum in terms of the backscattering coefficient of the material 
is given clearly by Ueda [26]. The entire paper details deriving backscatter coefficients for 
different methods and different beam profiles. In the following subsection, only the important 
formulae have been specified to explain the flow of equations and obtain the final result. For 
finer analysis and a better understanding of the derivations, please refer to the original paper 
[26]. 
Frequency component of echo signal 
Considering the simple scenario of an ultrasonic pulse radiated from an ultrasonic transducer 
(T) and its echoes received by the same transducer, the frequency component of the echo 
signal e(t) is given by 
E({J)) = -j2{J)p0 G({J)) J R(r)[jkq>({J),r)f dv (Equation 2.8) 
v 
where E({J)) is the Fourier transform of e(t), p 0 is the average density of the medium, G(w) is 
the electric characteristics of the transducer, r is a position vector, k is the wave number of 
the ultrasonic waves (k = w/co, co is the average sound velocity), vis the volume of sound 
scatterers and dv is a volume element. R(r) is the distribution of amplitude reflection 
coefficient of scatterers given by 
_ L\z(r)/ -
R(r)- /[2z0 +L\z(r)] - L\z(r)/2z0 
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where z0 is the average specific acoustic impedance of the medium (zo = Poco), z0 + &'(r) is 
the average specific acoustic impedance of the scatterers. It is assumed that zo >>I &'(r) I· 
tp(w,r) is a velocity potential of the transducer in the frequency domain given by the formula 
1 -jk1r-x·1 
tp(w,r) = -JTJ e .
1 
ds 
2 r-r 
T 
where T is a surface of the transducer, r' is the position vector on T and ds is a surface 
element. 
Expressing velocity potential in the Cartesian coordinates 
The velocity potential can be expressed for a Cartesian coordinates system (x, y, co) as 
follows: 
(Equation 2.9) 
Here we assume ultrasonic waves propagate through co direction, an origin of the coordinates 
system is taken at the center of the transducer, co0 is the distance between the transducer and 
the scatterers, s0 is the area of the transducer andf(k,x,y,w0)is the directivity of the 
transducer. 
Since the scatterers are assumed to be thin in the co direction, the directivity is assumed to be 
constant in the direction and is given by 
2J1 (kasinB)/ f(k,x,y,wo) = /(kasinB) (Equation 2.10) 
where J 1(x) is the Bessel function of the first order. 
The surface area so is given by so = na2 where a is the radius of the transducer. 
[-(kaO)fsl 
For a Gaussian profile, the approximation is made that f(k,x,y,w 0 ) = e 8 • 
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Expressing the average scattered echo spectrum in terms of amplitude potentials 
Now, considering two points r 1 and r2 in a tissue and their corresponding volumes dv1 and 
dv2 , the average power spectrum of the echo scattered by the tissue is given by 
2 
S(w) =I E(w) I =I 2wp0G(w) 12 J J R(r1)R(r2 ) x [k 2<p(w,r1)q/ (w,r2 )]2 dv1dv2 
v v 
(Equation 2.11) 
where the overbar indicates an average operation, * indicates a complex conjugate. Since 
weak scattering is assumed, it is assumed that the velocity potential is not influenced by the 
random medium. As a result, the averaging operation is applied only to the distribution of the 
reflection coefficient. 
Spectrum in terms of backscattering coefficient 
With the derivations described in previous paragraphs if we consider a small volume !!:.v in 
the tissue such that the size of the volume !!:.vis assumed to be very small, then the sound 
intensity at the volume is given by I where 
1 =Ijwp0U(w)<p(w,r)1 2 / 
/2z0 
where U(w) is the vibration velocity amplitude on the transducer and z0 is the characteristic 
impedance of the tissue. 
The total power that will be scattered by the volume into all space is given by 
W = 41CJµbs/1V, (Equation 2.12) 
where the scattered intensity is assumed uniform over all space and µbs is the backscattering 
coefficient. 
Considering a point source at the center of the volume and r v as a position vector at the 
center, if we considered a sphere of a large radius whose center is located at r v and a point 
source at the center denoted by Ae(-jklr rv l>llr-rv 1 where A is a complex amplitude, then the total 
power radiated by the point source is given by 
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For W to be equal to Wv , the following equation must hold good: 
4Jrµbsi\v I = 47l" I A 12 I 2z0 
t.e. 47l"I jmp0U(m)rp(m,r) 1
2 / µbsi\v = 47l" I A 12 / 
/2z0 /2z0 
(Equation 2.13) 
(Equation 2.14) 
Integrating over the entire surface T of the transducer, the echo amplitude Ev( co) due to the 
point source is given by 
(- jklr-rv !) / 
Ev(m) = T(m)J Ae /lr-r.lds 
T 
where T(m) is the frequency characteristics at the reception. 
From the above formula for velocity potential of the transducer rp(m,rJ 
Since the volume elements are incoherent and relative to each other, the spectrum is given by 
2 
S(m)= JIE(m)I dv 
v 
= 47r 2T 2 (m)A 2 JI rp(m,rv) 12 dv 
v 
= 47r 2T 2 (m)µbsi\v I mp0 12 U 2 (m)J1 rp(m,r)rp(m,rv) l2dv 
v 
00 
=µbs47l" 2 lmp0G(m)f dx J flrp(m,x,y,m0 )l4 dxdy (Equation2.15) 
-00 
where U(m)T(m) = G(m) and dis the thickness of the scattering region. 
For a Gaussian beam profile, the spectrum is given by 
S(m) = µbs (7r 3 I 2)z~ I G(m) 12 d(a 6 Im;) (Equation 2.16) 
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where mo is the distance between the transducer and the scatterers and a is the radius of the 
transducer. 
Spectrum of echo scattered by a plane reflector 
As explained in detail in Ueda et al. [26], if the region inside the scatterer is uniform, then 
the frequency component of the echo signal E(w) is given by 
E(w) = jwp0G(w) J R0rp(w,r)N • V rp(w,r)ds 
where Sis a surface of the scattering volume and N is an outer unit vector normal to S. 
The gradient properties of spherical coordinates is given by 
Brp r-1 Brp . Brp 
Vrp =-er +--e0 +(rsmB)-1 -e~ Br Br Br) 
N•er =-cosB,N•e0 =sinB,N•eK =0 
Brp = -(jk + r-1 )rp 
Br 
Brp So -jkr Bf -=-e -
BB 2m- BB 
(Equation 2.17) 
(Equation 2.18) 
(Equation 2.19) 
(Equation 2.20) 
where (er , ecp , ecp ) is a set of unit vectors in spherical coordinates. Substituting the above 
equations into the equation of echo of the plane reflector, the echo scattered by the plane 
E p( ro) is given by 
(Equation 2.21) 
where Rp shows the amplitude reflection coefficient of the plane and it is assumed that 
echoes reflected at the infinite points cannot be detected because of the slightly attenuating 
medium. In the case of an omnidirectional transducer f 2 (k,B,rp,w0 ) = 1. In the case of 
Gaussian beam, 
YcosB:; 1 +B/i, sinB:; B, cosB:; 1. 
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Thus, E p (m) = -k2 ZoG(m)Rp c;:)2 Jre-j2kmo x ~kmo + ckri) 2 J1 (Equation 2.22) 
and the spectrum S pg ( m) for the Gaussian beam is given by 
Dividing S ( m) by S pg ( m) , 
S(m) 
(Equation 2.23) 
Thus, 
(Equation 2.24) 
Average integrated backscattered power spectra AIBS(z) are obtained at different depths z of 
the tissue. Within the bandwidth of the transducer, the integrated backscatter is calculated in 
decibels using the equation 
fmax 
AIBS(z)=ll(mmax -mmin) J µbs(m)dm • (Equation 2.25) 
fmin 
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3 MATERIALS AND METHODS 
3.1 Tissue specimens 
The focus of this research has been on analyzing the presence of atherosclerosis in blood 
vessel walls. Experiments were performed on blood vessel walls of rabbits. Tissues with 
different severities of atherosclerosis from severity index-0 (no atherosclerosis) to severity 
index-4 (maximum atherosclerosis) were analyzed. 
Figure 3.1. Rabbit aorta cross-sections showing varying degrees of atherosclerosis. Development of 
atherosclerotic lisions in rabbits fed 90 days with different levels of dietary cholesterol, Og (A, control), 1 g (B), 
2g (C), and 4g (D) cholesterol/kg diet. At X20 magnification with H&E staining (unpublished data from Dr. 
Ahn, ISU). 
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3.2 Tissue preparation 
The rabbit aorta tissues were provided by Dr. Doug Ahn, PhD., a professor in Animal 
Science at Iowa State University, who was conducting an experiment to study the effect of 
different diets on the development of atherosclerosis in rabbits. The rabbits were fed with 
special diets in varying amounts that created atherosclerosis deposits of varying degrees in 
their blood vessel walls (see Figure 3.1). Upon terminal study from Dr.Ahn's research, aorta 
segments were fixed in formalin and stored at room temperature for later scanning. 
Initial trial experiments were also performed on monkey blood vessel specimens acquired 
from unrelated research at University of Iowa. This was done as a measure to learn the 
handling of tissues during mounting and experimentation. Once the data acquisition 
techniques were found satisfactory and reliable with initial specimens, rabbit aorta segments 
with varying degrees of atherosclerosis were used. The vessel segments were slit open along 
the axis and mounted flat with inner wall facing the transducer for ultrasound scanning. The 
severity of atherosclerosis was determined by a pathologist from histology obtained in Dr. 
Ahn's study. 
3.3 Ultrasound Data Acquisition System 
Figure 3.2 illustrates the data-acquisition setup used for this research. The data acquisition 
system consisted of a personal computer to collect data, a scanning tank with a stepper motor 
assembly, a pulser/receiver, a digital oscilloscope and a 50 MHz Panametrics focused 
transducer (f = 0.2", d = 0.25"). The transducer had a measured center frequency (in water) 
of 28 MHz and a 6 db bandwidth of 20 MHz. The transducer was characterized for 
complete beam profile (focus, beam-width, etc.) using a very small steel ball (0.1 cm 
diameter). A Panametrics model 5601A ultrasonic pulser/receiver was used in the pulse-echo 
mode. A LeCroy model 9410 digital oscilloscope was used to display and digitize ultrasonic 
RF signals with averaging option. 
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A large scanning tank was used to scan tissues under water. The scanning tank had a five-
axis motion-stages to move the ultrasound transducer in the three linear axes and two 
rotational axes. A three-axis stepper motor was used to drive the transducer in very small 
steps of 0.001 inch per step. 
A personal computer with a DOS operating system was used to control the data acquisition 
process. The computer was equipped with a GPIB interface card for communicating with 
other instruments such as the oscilloscope and a stepper motor controller. A custom software 
was used to control data-acquisition steps, including stepper-motor control, signal transfer 
from oscilloscope and storage on the hard-disk. All the data were processed using a Pentium 
computer using MATLAB as the application software. 
Pulser/ 
Receiver 
Panametrics 
Model 5058PR 
LeCroy Model 9410 
8 - bit AID & Disnlav 
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Figure 3.2. Data acquisition setup. 
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3.4 Transducer Characterization 
The beam profile of a transducer provides useful information regarding the configuration of 
the sound beam as it propagates through the water or tissue media. The beam profile displays 
the near field, focal length, focal zone, beam width at each axial depth, side and grating lobes 
and beam divergence in the far field. In addition, amplitude variations in the near field are 
displayed as varying degrees of brightness. Figure 3.3 shows the normal beam profile of a 
focussed ultrasonic transducer. The part of the beam close to the transducer is known as the 
near field while the part of the beam farther away is the far field . 
.____Q_· --'-Fo~-.:__I== 
Figure 3.3. Beam Plot of a Transducer. 
The knowledge of the beam divergence in the near and far field are very important for the 
experimentation set-up process. A near-field of a focused beam is much more influenced by a 
slight axial displacement of transducer focus than a far-field of a focused beam. This is an 
important criterion while performing experiments. Also, the lateral beam profile would help 
give information about the required number of steps that the transducer needs to move 
laterally to obtain statistically different information from different points of the specimen. 
The distance between two consecutive steps of transducer motion is always kept greater than 
half of the lateral beam size to avoid redundant data. 
The axial and lateral beam profiles of the 50 MHz transducer (f=l", d=0.25") used for 
scanning the tissue specimens were obtained as described in the following subsections. 
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3.4.1 Obtaining axial beam profile of the transducer 
A flat plate reflector was placed in the water tank and the transducer mounted directly above 
it such that the beam from the transducer was incident on the plate perpendicularly in order to 
obtain maximum signal intensity. This set-up allowed the transducer to move in x, y, and z 
directions (see Figure 3.4). 
A series of 85 signals were collected from the reflection plate at each depth by translating the 
transducer laterally with 25 micron step-size around the focal zone. Along depth, scans were 
made at about 120 steps. The refected signals were digitized at a sampling frequency of 400 
MHz. The collected signals were stored in a computer where they were further processed by 
software, to obtain the beam plot. 
Flat 
plate 
z 
l 
Figure 3.4. Experimental procedure for obtaining axial beam profile. 
In a transducer beam profile, the narrowest region within the axial beam is known as the 
focal point. The region surrounding the focal point with intensity within 6 dB of maximum is 
described as the spot size. The best information about a specimen is obtained when the 
specimen is within the focal zone of the transducer. 
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3.4.2 Obtaining lateral beam profile of the transducer 
To obtain the lateral beam profile of the 50MHz transducer, a surface is chosen such that the 
beam is always perpendicular to the surface plane. So, a spherical steel ball was chosen as the 
object of focus and the transducer was placed at a position directly above the steel ball at its 
focal point to obtain maximum reflection from the steel ball. Considering this point to be the 
center of a square, the transducer was moved to one diagonal point of the square where the 
signal reflected from the ball was the least. Once the boundaries of the square scan were 
determined, the transducer was moved in the X-Y direction in small incremental steps of 25 
microns over the steel ball, thus scanning a cross-section of the beam. 
To Pulser/ 
Receiver and 
Oscilloscope 
p 
r 
0 
b 
e 
Steel 
ball 
Figure 3.5. Set up for transducer beam profile characterization. 
The power spectra of the signals were calculated at each point of the scan. It was observed 
that the amplitude of the signal decreased laterally as it moved away from the center of the 
ball on all the sides. This was because the beam had less energy away from the center. The 
distance between the beam maximum and the location around the beam-maximum, where the 
spectrum was around 6dB less than the maximum spectrum value, gave the 'spot size' of the 
transducer. 
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3.5 Data-acquisition for Tissue Parameters 
This subsection discusses the procedures used in this research to measure the different 
ultrasound parameters, i.e., velocity, attenuation and integrated backscatter. 
3.5.1 Velocity measurement 
Velocity of ultrasound in atherosclerotic tissues was considered as a parameter to classify the 
tissues. Initial experiments were performed with glass as a specimen by passing ultrasound 
signals through the glass plate. The obtained results were compared with the known value of 
velocity in glass of 2730 mis to validate the experimentation procedure. The same procedure 
was used for the tissue specimens to obtain the velocity of ultrasound in atherosclerotic 
tissues. 
3.5.1.1 Preliminary experimentation using 10 MHz probe for determining ultrasound 
velocity in glass 
To validate the velocity measurement experimental setup, a 10 MHz focused probe was used 
to scan a glass plate which was mounted similar to the illustration shown in Figure 3.6. The 
plate was scanned at 100 points laterally with an interval of 25 microns. A sampling 
frequency of 100 MHz was used for the scan and a signal containing 500 sample points was 
obtained. The gating window was taken to be large enough to contain the entire echo signal 
from the glass plate and the flat steel plate reflector. The time points at which the backscatter 
reached the transducer from the top of the tissue, the bottom of the glass plate, and the top of 
the flat plate reflector were measured for velocity calibration. 
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Support 
Flat Plate Reflector Flat Plate Retlector 
Figure 3.6. Set-up for measurement of ultrasound velocity. 
Figure 3.7 shows the Hilbert-transformed (envelop-detected) signals of the A-mode scans 
obtained during the experiment. The upper panel shows the envelope of the signal in the 
absence of the glass plate when the signal was reflected from the top of the steel plate 
reflector only. The time of reflection from the top of the surface was considered as t1• The 
lower panel shows the envelope of the signal when the ultrasound passed through a glass 
plate before it was reflected from the top of the reflector. As the signal passed through the 
glass plate, strong reflections were obtained from the top of the glass plate (t2), the bottom of 
the glass plate reflector (t3), and the top of the reflector (t4). There was a difference in the 
times t1 and 4, although they represented the times ofreflection from the top of the reflector. 
In the former case, the signal passed through water alone as a medium where as in the latter 
case, the signal passed through both the water and the glass plate. The difference in media 
caused the signal to move with different velocities inside them. Thus the reflection times 
from the top of the reflector were different. 
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Figure 3.7. Data for velocity measurements: envelop of signal reflected from a flatplate (top) , and B-mode 
image (middle) and envelop of signals (bottom) from glass plate and flat plate. 
Using the formula specified in Equation 2.2 and the obtained values of t1, t2 , t3 and t4 1 
measured over a series of 30 experiments, the average value for the velocity of ultrasound in 
glass was found to be 2700 mis. This was within 1.2% of the known velocity value of 2730 
mis. 
1 The values of tl, t2 , t3 and t4 were much higher than the noise level and were clearly identified. 
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The preliminary experiments with glass helped suggest that: 
• The data acquisition technique was correct. 
• If the same technique was followed with a 50 MHz transducer (following certain 
precautions to compensate for the beam focus) we could obtain the correct velocity of 
glass. 
• If the same data acquisition technique was followed for a tissue in place of the 
glass plate, we would be able to obtain the correct value of velocity of ultrasound in 
tissues. 
3.5.1.2 Data acquisition to obtain ultrasound velocity in tissues 
For obtaining the velocity of ultrasound in tissues, similar experiments were conducted. The 
50 MHz focused probe was used to scan a tissue, which was mounted using the similar set-
up. The tissue was scanned at 200 different points laterally with the scanning step size of 25 
microns. A sampling frequency of 400 MHz was used for the scan. The time points at which 
the signals reached the transducer from the top of the tissue, the bottom of the tissue, and the 
top of the flat plate reflector were measured for velocity calibration. 
This procedure was performed for different scan regions in the tissue. The obtained data were 
further processed using software developed in Matlab to calculate the velocity. 
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3.5.2 Attenuation measurement 
For attenuation measurement, a specimen phantom with known attenuation value was used to 
perform initial experiments. This was done to validate the data acquisition and processing 
techniques. Once the result was confirmed to be valid, the same techniques were followed to 
obtain attenuation values in tissues. 
3.5.2.1 Validation of technique using a phantom 
To confirm that the data acquisition and attenuation measurement using the axial beam 
translation technique was correct, a commercial phantom from Nuclear Associates, Carle 
Place, NY, with a known attenuation value of 0.049dB/mm/MHz was scanned. The scanning 
area considered was 20mm by 12 mm. The overall depth utilized for attenuation estimation 
was 12mm, which was divided into 30 overlapping layers of 0.4 mm each. Power spectrum 
of each region was obtained by Fourier transformation of the signal and normalized over the 
entire bandwidth by the spectra of a flat steel plate reflector obtained at the same depth. A 
line of least fit was fitted over the normalized spectra. Slope of this line against depth gave 
the value of attenuation. 
Using the formula specified in Equation 2.7 the average value for the attenuation of 
ultrasound in the specimen was found to be 0.046dB/mm/MHz. This was close to the original 
value of 0.049dB/mm/MHz with an error margin of 6%. This procedure was repeated many 
times to confirm the answer. The results obtained validated the data acquisition and 
processing techniques. 
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3.5.2.2 Data acquisition to obtain ultrasound attenuation in tissues 
Each aorta specimen was scanned in an area of 4mm by 4mm. The overall depth used for 
attenuation estimations was lmm which was divided into five layers of 0.2 mm each. Echo 
sequences from lines of sight separated by 2mm were used for a total of sixteen echo 
sequences per experiment. The obtained data were further processed using software 
developed in Matlab to calculate the attenuation values. 
3.5.3 Integrated backscatter measurement 
The integrated backscatter value was used as another parameter in classifying the different 
atherosclerotic tissues. 
z 
tissue l 
Figure 3.8. Illustration of backscatter data acquisition for a small tissue specimen. 
40 
3.5.3.1 Data acquisition to obtain integrated backscatter in tissues 
The transducer was originally placed at its focal distance from the bottom surface of the 
tissue to obtain maximum backscatter from the tissue. It was then moved in steps of 0.2 
microns vertically upwards so that the focus moved within the tissue, and signals were 
acquired from several depths covering the full depth of the tissue. 
3.6 Signal Processing 
After data acquisition, signal processing techniques such as Hilbert transformation, Fourier 
transformation, time-gain compensation and logarithmic compression, were utilized to 
display signals and B-mode images, and to obtain the values of velocity, attenuation, and 
integrated backscatter. This section describes the different processing techniques in more 
detail. 
3.6.1 Development of B-mode images 
B-mode ultrasound images were obtained from A-mode signals. B-mode images usually 
provide the depth information from the specimen. Development of B-mode images was very 
significant for velocity analysis. Since the scan area of a tissue was quite large and A-mode 
signals were obtained in each and every scan, there were as many signals as scan points. It 
was virtually impossible to select the tissue region in each and every signal. Thus, a B-mode 
image was developed for every scan region to roughly identify the boundaries of the tissue. 
This was necessary to calculate the thickness and velocity of the tissue. 
Initially, the envelope of each A-mode signal was found by using Hilbert transform (see 
Appendix). 
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Figure 3.9. A-mode scan from a sample tissue placed over a steel plate. 
)( 1 0~ 
Figure 3.10. Envelop detection of the A-mode scan to detect boundaries of tissue and flat plate reflector. 
Examples of RF signal and envelop of the signal are shown in Figure 3.9 and Figure 3.10, 
respectively. In Figure 3.10, the tissue boundaries may be identified as lying between t2 and 
t3, and the peak from the flat plate reflector is located at depth t4 . 
The amplitude values of the envelopes were time-gain compensated for the attenuation along 
the depth and compressed using logarithmic compression (a non-uniform compress10n 
technique that compresses the higher values more than the lower values). It helped in 
providing useful scaling for the greatly varying values. 
The reflection from the flat plate and the tissue were scaled uniformly irrespective of the fact 
that the amplitude of signals from the flat plate reflector was much higher than the signals 
reflected from the tissues. The log-scaled value at each scan point was converted into pixel 
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value, and the signal was finally represented as an image with pixel values representing the 
corresponding amplitude values. This procedure was performed at every point of signal 
transmission to obtain an image whose dimensions were signal length (i.e. , depth) and the 
number of signals (i.e., scan axis length). The location of the tissue was obtained from the B-
mode image. Examples of B-mode images of signals with and without tissue are shown in 
Figure 3.11 and Figure 3.12, respectively. 
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Figure 3.11. B-mode image of the sample tissue and the plate reflector. 
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Figure 3.12. B-mode image of the flat plate reflector without the tissue. 
3.6.2 Processing for velocity measurement 
From the location of the tissue and the back plate reflector identified from Figure 3 .1 0 times 
of reflection t2, t3 and t4 were found out. Similarly from the signal of the plate without tissue, 
the time t1 was found out. Using all the obtained values of signal arrival times and the known 
velocity of ultrasound in water the velocity of ultrasound in the tissue was estimated at 
different points using Equation 2.2. 
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3.6.3 Processing for attenuation measurement 
For each backscattered signal in the scan, the signal m a hamming window (length 128 
samples and 50% overlap) was Fourier transformed2 to obtain the power spectrum. The 
difference of power spectra of the tissue, Siissue (f,z), and the reflector plate, Sp1a1e(f,z), was 
found for the entire spectrum at each depth z . 
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Figure 3.13. Spectrum of flat plate reflector at focus. 
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Figure 3.14. Spectrum of flat plate reflector with tissue inserted in between the transducer and the plate. 
2 The derivation for obtaining power spectrum from Fourier transform has been provided in the Appendix. 
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Figure 3.15. Difference spectrum. 
To the obtained difference spectra curve, a straight line was fit using the line of least error fit 
Y=ax+b. 
The slope (a) and the intercept (b) of the line were obtained and the slope of the line was 
used as the attenuation index. 
3.6.4 Processing for backscatter measurement 
The average power spectral density, <Stissue(f,z)>, of each of the rf signals was obtained as a 
function of frequency f and distance z . A 128 sample length hamming window centered at z 
and having 50% overlap was used to obtain the power spectral density [25]. 
In order to compensate the apparent backscattered power spectra <Siissue(f,z)> for the 
electromechanical response of the system and the depth dependent effects of diffraction, a set 
of diffraction correcting average power <Sptaie(f,z)> was obtained using only the flat steel 
plate reflector at the same depths as in the previous part without the tissue inserted in 
between. The backscatter coefficient was obtained using the formula described in Equation 
2.24 as follows. 
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R2 k2a2 (I ) - < stissue(f,z) 1 p µh ,z - x 2 x----2--
s < S plate (f,z) > (0.63) S7r[l + ka )2] 
4F 
(Equation 3.1) 
Here, F is the focal length, a is the transducer radius, k is the wave number and Rp is the 
amplitude coefficient of reflection of the steel plate, whose value is taken to be 1. As 
explained in [16], it is also required to compensate for the frequency dependence on the 
volume enclosed by the transducer. This is done by the second part of the equation. 
The integrated backscatter was measured over the bandwidth using the formula in Equation 
2.25, also given here. 
fmax 
AJBS ( Z) = 1/( J rrw - J min ) f < µ bs (f' Z) > dj (Equation 3.2) 
/min 
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4 RESULTS AND DISCUSSION 
In this section, the results of the experiments performed in this research thesis are presented 
and discussed. The intermediate results which were necessary to achieve the ultimate goal of 
determining the velocity, attenuation and integrated backscatter values for the four rabbit 
tissues are also included. 
In the first subsection, the results for transducer beam characteristics are discussed. These are 
followed by the results of the velocity measurements, with the intermediate results on B-
mode image processing, attenuation measurements, and integrated backscatter 
measurements. Finally, a comparison plot of the velocity, attenuation and integrated 
backscatter against the severity of atherosclerosis content is presented. 
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4.1 Transducer Characteristics 
A plot of the signal reflected from the flat plate reflector and its spectrum are shown in 
Figure 4.1 . From the frequency plot, it was observed that the peak amplitude was located 
around the center frequency of 28 MHz. The 6-db bandwidth was around 20 MHz (lower cut-
off being 15 MHz and upper cut-off being 35 MHz) indicating that the high frequency 
transducer used in the experiments was wide-banded. 
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Figure 4.1. Plot of an echo from steel ball surface (upper) and its frequency response (lower). 
4.1.1 Axial beam of transducer 
The maximum energy from a transducer is obtained at its focal zone. This was determined 
from its beam profile. Figure 4.2 displays the signals from steel ball surface at different axial 
distances from transducer. It is seen that the signal amplitude increased and reached a 
maximum as the probe approached its focal point (specified at 0.25") from the steel ball 
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surface. The axial distance within which the amplitude of the signal was greater than 70% of 
the peak amplitude was found to be around 0.03" (between 0.19" and 0.22"). This plot was 
necessary to determine the height at which the transducer had to be placed above a specimen 
so that the specimen was in its focal zone. This indicates that the transducer probe was very 
tightly focused and so the tissue area of interest had to be placed at a distance between 0.19" 
and 0.22" from the transducer if it had to obtain maximum signal strength. A small 
disturbance was sufficient to move the specimen away from the focus . Thus, for all the 
experiments performed with the tissue, the transducer was carefully maintained at a height of 
about 0.20" above the tissue. 
x 10' Signal Plot to Obtain the Focal Point of the 50 MHz transducer 
0.24 0.26 0.28 
Distance (inch) 
Figure 4.2. Plot of signals from steel ball surface at different axial distances from transducer to obtain axial 
beam profile. 
4.1.2 Lateral beam of the transducer 
In a typical beam profile of a transducer, the maximum beam energy of the transducer is 
always at the center of beam cross-section and the energy decreases laterally away from the 
center. The lateral beam profile helps in determining the distance between adjacent spots to 
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which the transducer should be moved during scanning to not scan the same spot again. To 
scan two different points, the transducer has to be moved through a distance greater than half 
the beam width of the transducer. The beam width of the transducer was ascertained from the 
lateral beam profile shown in Figure 4.3. 
From the profile plot, it was observed that the strength of the beam slowly increased from the 
boundaries of the scan to a maximum at the center. The lateral distance from the center 
where the strength of the beam was greater than 70% of the maximum amplitude was found 
to be around 40 micron. Thus any two adjacent scan points lesser than this distance would 
indicate the same spot and imply spatial over sampling. Thus, the transducer had to be moved 
a distance greater than 40 micron between adjacent points to scan different spots. This was 
the minimum step size used to scan the tissues. 
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Figure 4.3. Plotting of lateral beam of the transducer. 
4.2 Velocity Measurement 
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The results from the velocity experiment performed on a rabbit vessel wall are presented in 
this section. The tissue was placed above a flat reflector and ultrasound signal was passed 
through it. The signals were initially adjusted to be zero mean and sampled at the rate of 400 
50 
MHz. The gating window was made large enough to accommodate the backscatter from both 
the backplate and the tissue. 
Figure 4.4 shows the backscatter from the vessel wall using a 50MHz transducer. It was 
observed that significant amount of backscatter was obtained using the high frequency 
focused transducer. The front and the back ends of the tissue backscatter were clearly 
distinguishable from the rest of the signal. The estimation of the front and back ends were 
necessary to obtain the thickness of the tissue, the times t2 and t3 for the final estimation of 
ultrasound velocity inside the tissue. From the figure, it is observed that t2 is 2.4 microsecond 
from the reference point and t3 is around 3.3 microsecond from the same reference point. 
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Figure 4.4. Backscatter from the rabbit vessel wall specimen. 
Figure 4.5 shows the complete signal of tissue backscatter along with a high intensity 
reflection from the flat reflector. As is evident from the plot, the backplate was observed at 
an instantaneous time of 7.3 microsecond from the point ofreference. This gives the time t4 . 
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Figure 4.5. Backscatter plot of tissue and backplate. 
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Figure 4.6 displays the B-mode tissue image created from many A-mode signals such as 
those shown in Figure 4.5. In the black background, the extremely bright line on the right 
indicates strong reflection from the backplate reflector and the varying gray shade on the left 
shows the presence of the tissue. This image was necessary to obtain approximate boundaries 
of the tissue and backplate for the entire scan. All A-mode signals in the entire scan, together 
make one image. The average values of t2, t3 and t4 obtained from the data were passed into 
the MATLAB function to obtain the velocity of ultrasound inside the tissue at using A-mode 
signal. 
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Figure 4.6. B-mode image of tissue and backplate reflector. 
Figure 4.7 shows the A-mode scan of only the flat plate reflector in the absence of any tissue. 
The time ofreflection of the signal from the flat plate gave t1• 
)( 10~ 
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Figure 4.7. Plot of the signal backscatter from the flat plate reflector without the tissue. 
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With the formula deduced in Equation 2.2, the velocity of ultrasound in non-atherosclerotic 
tissue was found to be 1589 mis with a standard deviation of 3 7m/s. This value is close to the 
results (1576 mis) for velocity of ultrasound in vessel wall tissues found in literature [27]. 
The velocity map for one tissue specimen without atherosclerosis is plotted in Figure 4.8. 
The results for other tissues are presented in the final section of this chapter. 
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Figure 4.8. Velocity values for rabbit aorta tissue with no atheroscerosis. 
4.3 Attenuation measurement 
The results from the attenuation experiment performed on a rabbit vessel wall are presented 
in the Figures 4.9 to 4.12. 
The spectrum of the backscatter from flat plate reflector at the focal distance of the 
transducer is plotted in of the Figure 4.9. For a normal flat plate reflector, it was observed 
that the center frequency of the 50 MHz (specified frequency) probe was around 28 MHz 
with the 6dB bandwidth being 20 MHz (froml5 to 35 MHz). 
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Figure 4.9. Spectrum plot of backplate reflector. 
The spectrum of the reflector plate when a tissue was inserted in between the transducer and 
the flat plate reflector at the focal point displayed a shift in the spectrum amplitude and 
frequency. It is plotted in Figure 4.10. It is observed that there is a reduction in the peak 
amplitude of the flat plate reflector when the tissue was inserted. This was the insertion loss 
due to the tissue. Care was taken to ensure that the transducer was not shifted because of the 
tissue insertion. 
. 
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Figure 4.10. Spectrum plot of backplate reflector with tissue inserted between the transducer and the plate. 
The difference between the spectra from the backplate reflector before and after tissue 
insertion is plotted in the Figure 4.11. It shows that the spectral difference was higher at 
higher frequencies than the lower frequencies. This suggests that the signal attenuation inside 
the tissue was higher as the frequency increased. 
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Figure 4.11. Plot of the difference spectrum. 
The spectral differences were calculated at different tissue depths using axial beam 
translation method and were used to calculate attenuation. The attenuation plot for the rabbit 
aorta tissue without atherosclerosis is shown in Figure 4.12. The slope of the difference 
spectra divided by the tissue thickness provided the attenuation coefficient value (in units of 
dB/mm/MHz). 
The attenuation value for non-atherosclerotic tissue (severity index-0) was found to be 
around 0.28 dB/mm/MHz. This result is close to into the typical attenuation value (around 
0.25 dB/mm/MHz) for the soft tissues [24]. The experiment was repeated a few times with 
the same tissue and the answers were all found to be similar. 
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4.4 Integrated Backscatter Measurement 
For integrated backscatter, experiments and processing were performed on all the tissues as 
explained earlier. The spectra were corrected for attenuation and diffraction. 
The average integrated backscatter value for severity-0 tissue is plotted in Figure 4.13. It was 
found to be -16.5 dB/MHz at 0.5 mm, -17dB/MHz at 1 mm and -17.5 dB/MHz at 1.5 mm. 
These values were very close to the results published (-18 dB/MHz at 0.5 mm, -20 dB/MHz 
at 1 mm and - 21.5 dB/MHz at 1.5 mm) by Bridal et.al [26]. 
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Figure 4.13. Spectrum of integrated backscatter. 
4.5 Results for Rabbit Aorta Specimens 
0.8 
This section presents the results obtained for each ultrasound parameter for all the 
atherosclerotic tissue specimens. The velocity values for the tissues are presented followed 
by attenuation values and then the backscatter values. Finally, the different values are 
compared with one another and their severity indices. 
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4.5.1 Velocity 
This subsection presents the velocity plots (Figures 4.14 - 4.17) for the atherosclerotic tissues 
with different severity indices. 
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Figure 4.14. Velocity plot of severity 0 (non-atherosclerotic) rabbit aorta wall. 
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Figure 4.15. Velocity plot of severity 2 (medium-atherosclerotic) rabbit aorta wall. 
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Figure 4.16. Velocity plot of severity 3 ( higher-atherosclerotic) rabbit aorta wall. 
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Figure 4.17. Velocity plot of severity 4 (maximum- atherosclerotic) rabbit aorta wall. 
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The Figure 4.18 plots the average velocity values for the different rabbit tissues with 
atherosclerosis severity indices. 
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Figure 4.18. Plot of average velocity values of different rabbit tissues with different atherosclerosis severity 
indices. 
It was observed that the velocity of ultrasound decreased with increase in the severity of 
atherosclerosis. The normal (non-atherosclerotic) vessel wall had an ultrasound velocity of 
1589 mis with a standard deviation of 37 mis. The velocity reduced to 1565 (with a standard 
deviation of 11 mis) for severity index-2 and to 1540 mis (with a standard deviation of 15 
mis) for severity index-3. The maximum atherosclerotic tissue of index-4 provided an 
ultrasound velocity of 1528 mis (with a standard deviation of 32 m/s). The average velocities 
show an inverse- relationship with increase of atherosclerosis content. However, the standard 
deviation for each of the tissues seems to be large enough that clear distinction between any 
two categories seems to be difficult with only four specimens used in this study. 
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4.5.2 Attenuation 
This subsection presents the attenuation plots ( Figures 4.19 - 4.22) for the atherosclerotic 
tissues with different severity indices. 
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Figure 4.19. Attenuation plot of severity 0 (non-atherosclerotic) rabbit aorta wall. 
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Figure 4.20. Attenuation plot of severity 2 (medium-atherosclerotic) rabbit aorta wall. 
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Figure 4.21. Attenuation plot of severity 3 (higher- atherosclerotic) rabbit aorta wall. 
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Figure 4.22. Attenuation plot of severity 4 (maximum-atherosclerotic) rabbit aorta wall. 
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The Figure 4.23 plots the average attenuation values for the different severity indices. 
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Figure 4.23. Plot of average attenuation values of different atherosclerosis severity indices. 
Average attenuation was found to increase from 0.28 dB/mm/MHz for the normal or non-
atherosclerotic tissue (index-0) to 0.33 dB/mm/MHz for the most atherosclerotic tissue 
(index-3). The tissues of severity indices 2 and 3 had mean values of 0.29 dB/mm/MHz and 
0.315 dB/mm/MHz, respectively. The attenuation values are clearly different from each 
other. This makes attenuation measurement a potential means of characterizing the severity 
of the atherosclerosis. 
4.5.3 Integrated backscatter 
This subsection presents the integrated backscatter plots (Figures 4.24 - 4.27) for the 
therosclerotic tissues with different severity indices. 
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Figure 4.24. Backscatter plot of severity 0 (non-atherosclerotic) rabbit aorta wall. 
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Figure 4.25. Backscatter plot of severity 2 (medium - atherosclerotic) rabbit aorta wall. 
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Figure 4.26. Backscatter plot of severity 3 rabbit aorta wall. 
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Figure 4.27. Backscatter plot of severity 4 (maximum-atherosclerotic) rabbit aorta wall. 
Average integrated backscatter at 0.7 mm = -14.0 dB 
Average integrated backscatter at 1 mm = -15 .2 dB 
Average integrated backscatter at 1.5 mm = - 17 dB 
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Figure 4.28 plots the integrated backscatter values for the tissues at three different depths. 
From the plots, it is observed that except for one abnormality (depth of 1.5 mm for severity 
index-0), the average integrated backscatter at each depth increased as the severity of 
atherosclerosis increased. Thus it may be concluded that integrated backscatter at each depth 
varied in proportion to atherosclerosis severity. 
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Figure 4.28. Plot of average integrated backscatter values of different atherosclerosis severity indices. 
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5 CONCLUSION 
The primary focus of this thesis was to develop reliable, ultrasonic data acquisition 
techniques using high frequency transducers for atherosclerotic tissues, and establish a 
preliminary relationship between different classification parameters and atherosclerosis 
severity. After a number of initial trials and failures, techniques to mount small tissue 
specimens such as the rabbit aorta wall segments were successfully developed. The 
backscatters from the tissues were analyzed to evolve a relationship between the severity of 
atherosclerosis and ultrasonic parameters like velocity, attenuation and integrated 
backscatter. 
RF signal analysis and algorithm development was performed usmg MATLAB. Many 
function modules were created to interpret the acquired data, and apply signal and image 
processing techniques upon them. Many important signal processing concepts were 
understood and utilized. 
The technique of ultrasound velocity measurement was validated by determining velocity in 
glass following similar data acquisition methods. The average velocity of ultrasound in a 
non-atherosclerotic tissue was found to be around 1589 mis while that of the maximum 
atherosclerotic tissue was found to be 1522 mis. This was validated in many of the 
experiments performed repeatedly. Thus, as the degree of atherosclerosis increased, the 
velocity of ultrasound inside the tissues was found to decrease. Mast [27] measured 
ultrasound velocity in cardiac muscle to be 1576 mis. Also, velocity in fatty tissues is lower 
than in non-fatty tissues. The velocity results indicate that the atherosclerosis content was due 
to fatty deposits and this was the case from histology analysis. However, it has to be admitted 
that using only velocity values, it was not possible to distinguish different indices of 
severities of atherosclerosis. The upper end of one severity index and the lower end for the 
next severity index were found to lie very close to each other. But the tissues with maximum 
severity and least severity were found to exhibit drastic velocity differences. Thus it may be 
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concluded that using velocity to distinguish severities in atherosclerosis indices may not be 
appropriate for gradually varying severities, but may be quite useful to determine extreme 
changes in atherosclerosis content. 
For ultrasound attenuation measurements the data acquisition and calibration techniques were 
validated by experiments performed using a commercial phantom specimen.With regard to 
attenuation values in tissues, Ophir and Mehta [24] had found the average attenuation value 
for tissue-mimicking phantom to be 0.25dB/mm/MHz. The non- atherosclerotic tissue 
exhibited an attenuation of 0.28dB/mm/MHz. The attenuation of ultrasound in maximum 
atherosclerotic tissue was found to be higher with a value of 0.33 dB/mm/MHz. There 
existed a positive relationship between ultrasound attenuation and atherosclerosis severity 
with the attenuation value increasing as the severity increased. Since the values were 
different from each other for each index of severity, it may be concluded that ultrasound 
attenuation measurement could have potential power as a classifying feature for 
atherosclerosis severity grades. 
For ultrasound integrated backscatter measurements, as was shown in Bridal et al. [25], the 
average integrated backscatter was found to decrease with increase in the depth. The results 
obtained from the different experiments performed are tabulated in Table 5.1. The results of 
similar experiments published by Bridal [25], where integrated backscatter measurements 
were performed on atherosclerotic artery tissues, are considered as reference and compared 
with our results. 
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Table 5.1. Integrated backscatter values in vessel wall tissues from reference [25] and from our experiments. 
Integrated Integrated Integrated 
Tissue backscatter at 0.5 backscatter at 1 mm backscatter at 1.5 
mm(dB) (dB) mm(dB) 
Artery constituents -18 - 20 -21 
(experiments by 
Bridal [25]) 
Atherosclerosis -17.3 - 17.5 -17.2 
severity- 0 tissue 
Atherosclerosis -16 -16.8 -17.l 
severity- 2 tissue 
Atherosclerosis -16 -17.l 
-15.2 
severity- 3 tissue 
Atherosclerosis -14.2 dB - 15.2 -17 
severity- 4 tissue 
But as the severity of atherosclerosis increased, the integrated backscatter at the same depth 
was found to increase too. Thus it may be concluded that integrated backscatter at a 
particular depth has a positive relationship with severity of atherosclerosis. 
In this thesis, each experiment on every tissue was tested for its repeatability. For each 
parameter measurement, the data acquisition was performed with its corresponding set-up 
and the entire procedure was repeated few times. During each repeated measurement, the 
obtained values for velocity, attenuation and integrated backscatter were found to be quite 
close to each other, confirming the repeatable measurement procedure. The values measured 
were also close to those found in recent literature. 
68 
From the experiments performed on different tissues of rabbit blood vessels with different 
atherosclerosis severities, it may be preliminarily concluded that there exists a relationship 
between the values of the three parameters with the atherosclerosis severity indices. The 
absolute values of these parameters may change from one animal to another and one tissue 
type to another, but the relationship between the values and severity of atherosclerosis would 
remain the same if all the other external factors are maintained constant and an accurate and 
repeatable data acquisition procedure and calibration technique are followed. 
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APPENDIX 
Hilbert Transform: 
For an arbitrary time series, x(t), one can define its Hilbert Transform, y(t), as 
( ) } p f, oo x( t') d I yt=- .t, 
' 1r 00 t - t' 
where P indicates the Cauchy principal value. x(t) and y(t) form the complex conjugate pair 
of an analytic signal, z(t), as 
z(t) = x(t) + iy(t) = a(t)e*6(1>, 
Mathematical Derivation for Power Spectra of signals from Fourier Transformation: 
Let {g[n]} be the observed signal. If g[n] is not periodic, it's Discrete Time Fourier 
Transform (DTFT) G(f) is defined by 
00 
G(f) = Lg[n]e-j27ifii wherej = sqrt(-1) (Eqn a) 
n=-oo 
/is the normalized frequency, O<=f<l and 
ej27ifii is the complex exponential given by 
ej27ifii = cos (2 7£ fu) + j sin(2 7£ fu) 
The sum in (a) uniformly converges to a continuous function of the frequency /if 
n=-«> 
The signal {g[ n]} can be determined from G(f) by the inverse DTFT defined by 
I 
g[n] = J G(f)ej27ifii df 
0 
which means that the signal {g[ n]} can be represented in terms of complex exponentials 
whose frequencies span the continuous interval [O, 1 ). 
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The complex function G(f) can be alternatively expressed as 
G(f) = IG(f)I ej<1><J> 
IG(f)I is called the amplitude spectrum of {g[ n]} and <l> (f) is the phase spectrum of {g[ n]}. 
The total energy is given by 
n=-oo 
According to Parseval' s theorem, it can also be obtained from the amplitude of the signal 
cxi I LI g[n] 12 = J G(f)ej21!fii df (Eqn 2) 
n=-oo O 
From Eqn 2, we deduce that IG(f)l2 df is the contribution to the total energy of the dsignal 
from the frequency band (f,f+d.f). Therefore we say that IG(f)l2 represents the energy density 
spectrum of the signal {g[ n]}. 
When {g[n]} is periodic with period N, that is 
g(n) = g(n+N) for all n, 
where N is the period of {g[n]}, we use the discrete Fourier transforms (DFT) to express 
{g[ n]} in the frequency domain, that is, 
N-1 
G(fk) = Lg[n]e-j21!fii wherefk=k/N, k E {0,1, ... ,N-1}. 
n=O 
The inverse DFT is defined by 
Now Parseval's relation becomes 
where the two sides are the total energy of the signal in one period. If we define the average 
power of the discrete time signal by 
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1 N-1 
p = - I I G(f J 12 ,.fk = k/N 
N k=O 
Thus, !G(fk)!2/ N2 is the contribution to the total power from the term with frequency Jk, and 
so it represents the power spectrum "density" of {g[n]}. 
The spectrum estimation can also be done by using periodograms 
To find the periodogram of the data {x[n]}0N-l, first we determine the autocorrelation 
sequence r[k] for-(N-1):::; k:::; N-1 and then take the DTFT, i.e., 
N-1 
p per (f) = I r[k ]e-J21lfk 
It is more convenient to write the periodogram directly in terms of the observed samples 
x[n]. It is defined as 
Pper(f)= _!_1Ix[n~-J2 1lfll l2 
N n=O 
Thus, the periodogram is proportional to the squared magnitude of the DTFT of the observed 
data. In practice, this periodogram is calculated by applying the FFT, which computes it at 
discrete set of frequencies fk = k/N where k = 0,1,2, ... (N-1). The periodogram is expressed as 
Thus, the spectrum Pper (f k) can be obtained by using the Fourier Transform of signals. 
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